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Abstract. The angular momentum of a molecular cloud core plays a key role in
star formation, since it is directly related to the outflow and the jet emanating from
the new-born star and it eventually results in the formation of the protoplanetary
disk. However, the origin of the core rotation and its time evolution are not well
understood. Recent observations reveal that molecular clouds exhibit a ubiquity of
filamentary structures and that star forming cores are associated with the densest
filaments. Since these results suggest that dense cores form primarily in filaments,
the mechanism of core formation from filament fragmentation should explain the
distribution of the angular momentum of these cores. In this paper we analyze the
relation between velocity fluctuations along the filament close to equilibrium and the
angular momentum of the cores formed along its crest. We first find that an isotropic
velocity fluctuation that follows the three-dimensional Kolmogorov spectrum does
not reproduce the observed angular momentum of molecular cloud cores. We then
identify the need for a large power at small scales and study the effect of three power
spectrum models. We show that the one-dimensional Kolmogorov power spectrum with
a slope −5/3 and an anisotropic model with reasonable parameters are compatible with
the observations. Our results stress the importance of more detailed and systematic
observations of both the velocity structure along filaments and the angular momentum
distribution of molecular cloud cores to determine the validity of the mechanism of
core formation from filamentary molecular clouds.
Keywords: gravitation, stars:formation, ISM:clouds
1. Introduction
The angular momentum of molecular cloud cores plays an essential role in the star
formation process, since it is at the origin of the outflow and the jet, results in the
formation of the protoplanetary disk, and defines the multiplicity of a stellar system
(single star, binary, multiple stars). The angular momentum of a core is defined at the
initial conditions of the core formation (e.g., Machida et al., 2008) and understanding
how molecular cloud cores obtain their angular momentum is a key question in the star
and planet formation studies. The angular momentum of cores has been derived from
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molecular line observations using the NH3 transition (Goodman et al., 1993) and N2H
+
line (Caselli et al., 2002). More recently, Tatematsu et al. (2016) studied a sample of
cores in the Orion A cloud and derived their rotation velocity using N2H
+J = 1 − 0.
These observational results have mainly shown two properties of the specific angular
momentum of cores j (angular momentum per unit of mass). 1) The range of the
specific angular momentum of the cores is j = 1020−22cm2s−1, and 2) it is a weakly
increasing function of the core mass M , j ∝M0.5−0.9. These results are shown in Figure
1 (cf., Section 2.1).
Recent results derived from the analysis of Herschel data revealed that stars mainly
form in filamentary structures (Andre´ et al., 2010; Arzoumanian et al., 2011; Ko¨nyves
et al., 2015) and the characteristic width of filaments is ∼ 0.1 pc (Arzoumanian et al.,
2011, 2019; Koch & Rosolowsky, 2015). Moreover, observations show that prestellar
cores and protostars form primarily in the thermally critical and supercritical filaments
(Mline & Mline,crit) (Andre´ et al., 2010; Tafalla & Hacar, 2015). The line mass Mline
of filaments is important for the star formation process. Theoretically, a thermally
supercritical filament is expected to be the site of self-gravitational fragmentation and
the birth place of star forming cores (Inutsuka & Miyama, 1997). Therefore, if most
of the star forming cores are formed along critical/supercritical filaments, the theory of
core formation out of filament fragmentation is expected to explain the origin of angular
momentum of the cores.
The three-dimensional velocity structure along the filaments is needed to infer the
distribution of the angular momentum of cores. However, the line of sight component
of the velocity is solely accessible from molecular line observations. Note that the line
of sight velocity may be dominated by the velocity perpendicular to the axis of filament
when the line of sight is nearly perpendicular to the filament axis. The fluctuations of the
centroid velocity of filaments close to equilibrium (Mline ∼ Mline,crit) is observed to be sub
(tran) sonic (Hacar & Tafalla, 2011; Arzoumanian et al., 2013; Hacar et al., 2016) . While
deriving the velocity power spectrum from molecular line data is observationally difficult,
the power spectrum of the column density fluctuation has been already measured in the
interstellar medium (ISM) (Miville-Descheˆnes et al., 2010; Roy et al., 2019) and along a
sample of filaments observed by Herschel (Roy et al., 2015). These observations reveal
that the power spectrum of the column density fluctuation is consistent with the power
spectrum generated by subsonic Kolmogorov turbulence down to the scales of ∼ 0.02
pc in the nearest regions (distance ∼ 140 pc).
In this paper, we try to establish the relation between velocity fluctuations along
the filament and the angular momentum of the cores that result from the fragmentation
of the parent filament. Using the available observational data we examine whether we
can explain the origin of the angular momentum of cores as a result of the filament
fragmentation process.
The structure of the paper is as follows: The method of our calculation is given
in Section 2, in Section 3 we show our results. The comparison of the derived models
is given in Section 4. Section 5 presents a discussion and suggests implications of our
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Figure 1. Observations of angular momentum of molecular cloud cores. The
horizontal axis is the core mass and the vertical axis is the core specific angular
momentum (see text for details). The up-triangles, down-triangles, and circles are
observational data from Tatematsu et al. (2016), Goodman et al. (1993), and Caselli
et al. (2002), respectively. The green, blue, and magenta solid lines are the results of
the fits by applying the least square method to the data of Tatematsu et al. (2016),
Goodman et al. (1993), and Caselli et al. (2002), respectively. The values of the slopes
of the fits to the data of Tatematsu et al. (2016), Goodman et al. (1993), and Caselli
et al. (2002) are 0.5, 0.5, and 0.9, respectively.
results in the context of star formation. We summarize this paper in Section 6.
2. Analyses
In this section, we first mention the observational data used in this paper. Then,
we explain the method for calculating the angular momentum of molecular cloud cores
formed by filament fragmentation.
2.1. Core Angular Momentum Derived from the Observations
Observationally, the specific angular momentum, j = pRvrot (angular momentum
per unit of mass) of a molecular cloud core may be derived from the observed radius R
of the core, the rotational velocity vrot, and p, which is related to the density profile of
the core. For a uniform density sphere, p = 2/5, while for a singular isothermal sphere
p = 2/9. Figure 1 shows the relation between the specific angular momentum and their
mass for a sample of cores studied by Goodman et al. (1993), Caselli et al. (2002), and
Tatematsu et al. (2016). Since the specific angular momentum of the cores is not given
in Caselli et al. (2002), we derived them using j = pRvrot, with the values of vrot from
Table 5 in Caselli et al. (2002), R from their Table 3, and p = 2/5, which is the same
value used in Goodman et al. (1993). For the core masses, we used the Mex values given
in Table 4 of Caselli et al. (2002). Note that Figure 1 includes very large objects with
sizes up to 0.6 pc, which may be clumps instead of real cores (Goodman et al., 1993).
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Figure 2. Schematic figure describing the calculation of the angular momentum of a
core. We calculate the angular momentum and the mass within model cores defined
by their length (see Section 2.4). We vary the position of the cores and their length
between λmin and λmax to generate the model j −M relation.
While the sample of Goodman et al. (1993) includes very large objects, Caselli et al.
(2002) and Tatematsu et al. (2016) do not include such clumps. Our conclusion do not
depend on whether these large objects are included or not.
2.2. Filament Setup
We consider an unmagnetized isothermal model of filament with a width of 0.1
pc (Arzoumanian et al., 2011, 2019), a uniform density, and a line mass equal to the
critical line mass, Mline,crit = 16 Mpc−1 for T = 10 K. An isothermal gas filament with
line-mass larger than the above value cannot be in equilibrium, without non-thermal
support such as magnetic field or internal turbulence.
We define the z-axis along the main axis of the filament and the x- and y-axis the
transverse directions (see Figure 2). We use 32 grid cells in x and y-axis, and 1024 grid
cells in z-axis. We use the periodic boundary condition in this domain. The length of
the filament is Lz = 3.2 pc, and the total mass of the filament is Mmax = Mline,critLz.
M = Mline,critLcore is a mass of a section of the filament where Lcore is an arbitrary
length λmin < Lcore < λmax, where λmin = 0.03 pc and λmax = 3.2 pc. This length
range corresponds to the core mass range 0.48 M < M < 51.2 M. In our model
we consider a uniform density filament, while density fluctuations are observed along
filaments (Roy et al., 2015). Taking into account such density fluctuations would require
a more detailed analysis, which are beyond the scope of this paper presenting first-order
calculations toward understanding the angular momentum in the context of filament
fragmentation.
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2.3. Velocity Field
First we numerically generate the velocity field v in the filament following the
method described in, e.g., Dubinski et al. (1995)
v(x) =
∑
k
V (k) exp(ik · x), (2.1)
where V (k) is the Fourier transform, k is the wave vector. Since we consider only the
periodic function for the velocity fluctuation, we include only the modes that satisfy the
following condition:
v(x, y, z) = v(x+ Lx, y, z) = v(x, y + Ly, z) = v(x, y, z + Lz), (2.2)
where we choose Lx = Ly = 2Rfil for simplicity. Rfil is the radius of the filament, 0.05
pc in this paper. We define the power spectrum as
P (k) =
〈|V (k)|2〉 , (2.3)
where 〈 〉 represents the ensemble average. We describe in the following how we generate
the Fourier component of V (k) for a given power spectrum P (k) for both incompressible
and compressible velocity fields.
2.3.1. Incompressible Velocity Field
For an incompressible fluid, v = ∇×A, where A is the vector potential,
A(x) =
∑
k
Ak exp(ik · x), (2.4)
where Ak is its Fourier transform. The Fourier component of the velocity field is
V (k) = ik ×Ak. (2.5)
We generate the Fourier component of the vector potential Ak as a random Gaussian
number with a prescribed power spectrum, P (k) = (2/3)k2 〈|Ak|2〉. Finally, we derive
the velocity field in real space by performing the inverse transform of V (k).
2.3.2. Compressible Velocity Field
We can also setup a compressible velocity field as, v = ∇φ, where φ is the scalar
potential,
φ(x) =
∑
k
φk exp(ik · x), (2.6)
and φk is the Fourier transform. The Fourier component of the velocity field is
V (k) = ikφk. (2.7)
We generate the Fourier component of the scalar potential φk as a random Gaussian
number with a prescribed power spectrum, P (k) = k2 〈|φk|2〉. Finally, we derive the
velocity field in real space by performing the inverse transform of V (k).
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2.4. Numerical Calculation of the Angular Momentum
Since Inutsuka (2001) has shown that the core mass function can be described
by Press-Schechter formalism (Press & Schechter, 1974), we use the Press-Schechter
formalism to derive the core mass and angular momentum of cores. In the Press-
Schechter formalism, the length scale is defined as the collapsed region which would
form a core in the future and the mass scale is defined as the mass in that collapsed
region. Therefore, for a uniform filament, the mass is determined by the length (Figure
2). By assuming conservation of the angular momentum in that region, we adopt the
angular momentum in that region as the angular momentum of the future core.
Following this concept, first, we choose an arbitrary length, Lcore, at a random
position along the longitudinal direction of the filament. Next, we calculate the angular
momentum in that region as follows:
J(M) = ρ
∫
x× v d3x, (2.8)
where ρ is the density, x is the position vector. We repeat this procedure for 99 values
of Lcore between λmin and λmax to obtain j −M relation. By using this method, we can
study how the j −M relation depends on the power spectrum of the velocity field.
In this work we examine four power spectrum models: a three-dimensional (3D)
Kolmogorov power spectrum (Section 3.1), a log-normal power spectrum (Section 3.2),
an anisotropic power spectrum (Section 3.3), and a one-dimensional (1D) Kolmogorov
power spectrum (Section 3.4).
2.5. Analytical Solution for Isotropic Velocity Field
For an isotropic velocity field, we can analytically derive the angular momentum as
follows.
2.5.1. Incompressible Velocity Field
The angular momentum in the region with a length scale Lcore = M/Mline,crit is
given by
J(M) = ρ
∫
x× vd3x
= −ρ
∑
k
V (k)×
∫
x exp(ik · x)d3x
= 2iM
∑
k
V (k)×R(k;Lcore). (2.9)
R(k;Lcore) is defined as
R(k;Lcore) ≡ i
2piR2filLcore
∫
x exp(ik · x)d3x. (2.10)
R(k;Lcore) corresponds to the Fourier transform of the position vector x. The detailed
derivation of R(k;Lcore) is shown in Appendix A. Using Equation (2.9), we can derive
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the specific angular momentum
j(M) =
√〈J(M)2〉
M
=
√
2
∑
k
P (k)
[
{R(k)}2 + {k ·R(k)}
2
k2
]
, (2.11)
where P (k) is the power spectrum as introduced in Section 2.3. j2 is the sum of the
product of the square of the Fourier components of the velocity (P (k) = 〈|V (k)|2〉) and
the position (R(k;Lcore)
2).
2.5.2. Compressible Velocity Field
In the case of the potential velocity field, we can also derive an analytical expression
for the specific angular momentum similar to Equation (2.11). The specific angular
momentum is
j(M) =
√〈J(M)2〉
M
= 2
√∑
k
Pφ(k)[k2{R(k)}2 − {k ·R(k)}2], (2.12)
where Pφ is defined as
Pφ(k) =
〈|φk|2〉 . (2.13)
3. Results
In this section, we examine four power spectrum models: three isotropic models
(3D Kolmogorov power spectrum model in Section 3.1, log-normal power spectrum
model in Section 3.2, and 1D Kolmogorov power spectrum model in Section 3.4) and
one anisotropic power spectrum model in Section 3.3. We compare the j −M relations
derived from our four models over the mass range 0.48 M < M < 51.2 M (cf.,
Section 2.1) with the observational results to discuss the origin of the observed angular
momentum of cores.
3.1. 3D Kolmogorov Power Spectrum Model
In this subsection, we adopt a 3D Kolmogorov power spectrum compatible with the
observed Kolmogorov turbulent power spectrum of the ISM (Armstrong et al., 1995),
P (k)dkxdkydkz = Ak
−11/3dkxdkydkz, (3.1)
where k =
√
k2x + k
2
y + k
2
z . Note, however, that hereafter we consider only the
discrete modes that are periodic in the domain (−Lx/2 < x < Lx/2,−Ly/2 < y <
Ly/2,−Lz/2 < z < Lz/2) as in Equation (2.2). If we define the major axis of the
filament as the z-axis (x = y = 0), we can define the velocity along the filament as
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Figure 3. j −M relation obtained from 3D Kolmogorov turbulence power spectrum
model (Section 3.1). The red filled circles and the solid line represent the numerical
and the analytical results, respectively. The observational data are the same as in
Figure 1.
follows,
v1D(z) =
1
Mline
∫ ∫ √x2+y2<Rfil
ρv dxdy, (3.2)
where Rfil is the radius of the filament. If we use v following to the power spectrum
Equation (3.1), the slope of the power spectrum of v1D(z) is −11/3 (cf., Section
5). The coefficient A reflects the 3D velocity dispersion, σ3D, along the filament
crest. The observed velocity dispersion towards filaments with Mline ∼ Mline,crit is
cs . σ1D . 2cs (Hacar & Tafalla, 2011; Arzoumanian et al., 2013; Hacar et al., 2016)
with σ1D = σ3D/
√
3. Since σ3D and j are proportional to
√
A, setting σ3D between cs
and 2cs will change the result by a factor of only 2. We therefore choose σ3D = cs as
our fiducial value for the models and for the figures shown in this paper. In Section 4
we compare the results obtained with σ3D = cs and σ3D = 2cs.
Figure 3 shows the j−M relation obtained from the 3D Kolmogorov power spectrum
model. The red filled circles and the solid line represent the numerical and the analytical
results, respectively. The analytical result is calculated using Equation (2.11). Since, as
can be seen in Figure 3, the analytical result (Equation (2.11)) agrees with the numerical
result, in the following Section 3.2 and Section 3.4 we will continue the discussion using
the analytical calculation.
Figure 3 suggests that for the 3D Kolmogorov power spectrum, the observed j−M
relation is not reproduced. This result can be understood as follows. The velocity
fluctuations along a filament correspond to a superposition of different modes with
different wavenumbers. The wavenumber which is the most important for the angular
momentum in the region with a length Lcore is k = 2pi/(2Lcore). The modes with large
An Origin for the Angular Momentum of Molecular Cloud Cores 9
Figure 4. Example of the superposition of different fluctuating modes along the
filament. In the region with a length Lcore the wave represented by the solid line arrows
is the most important for the angular momentum (left) and the wave represented by
the dashed line arrows mostly cancels and hence does not significantly contribute to
the angular momentum of this region (right).
wavenumbers do not contribute to the integration of the right hand side of Equation
(2.8) since these modes cancel out (Figure 4). Hence the small angular momentum
derived with this model for low mass regions is due to the small amount of energy in
small wavelength (large wavenumber) regions. The large angular momentum derived
for the high mass region is also inconsistent with the observations (Figure 3). In the
following section we address this problem.
3.2. Log-normal Power Spectrum Model
To analyze the problem mentioned in the previous subsection, one may increase the
power in large wavenumber region compared to the 3D Kolmogorov power spectrum.
To do so, in this subsection, we adopt a log-normal energy spectrum,
E(k) = AG exp
[
−{log(k)− log(kpeak)}
2
2σ2G
]
, (3.3)
where AG, σG, and kpeak are the amplitude, the dispersion, and the peak of the log-
normal function, respectively. The energy spectrum is defined as follows,
〈|v|2〉
2
=
∑
k
E(k). (3.4)
The power spectrum is described as
P (k)dkxdkydkz =
AG
2pik2
exp
[
−{log(k)− log(kpeak)}
2
2σ2G
]
dkxdkydkz. (3.5)
As in Section 3.1, we consider only the discrete modes that are periodic in the domain.
3.2.1. Log-normal Power Spectrum Model for Incompressible Velocity Field
We regard kpeak and σG in Equation (3.5) as parameters to study how j − M
relation depends on the shape of the energy spectrum, and choose AG to satisfy the
constraint σ3D = cs. Figure 5 shows the j −M relation derived from Equation (2.11)
and Equation (3.5). Here we use kpeak = 2pi/(0.1 pc) for a filament width of 0.1 pc,
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Figure 5. (left) The horizontal axis is the wavenumber and the vertical axis is the
energy spectrum. The region between the two black dashed lines represents the range
of wavenumber that we used. (right) j−M relation derived from the log-normal power
spectrum model with fixed value, kpeak = 2pi/(0.1pc). The red, blue, and green solid
lines correspond to σG = 0.35, 0.5, and 0.65, respectively. The observational data are
the same as in Figure 1.
and regard only σG as a variable parameter (σG = 0.35, 0.5, and 0.65). Figure 6 shows
the j −M relation for fixed σG = 0.5 and varying λpeak = 1.0, 0.5, 0.1, and 0.05 pc,
respectively with λpeak defined as kpeak = 2pi/λpeak. In this model the power of the wave
with wavelength λpeak is the largest. Since, in our calculation, the waves along x- or y-
axis with wavelength larger than 0.1 pc are truncated, their component along the z-axis
has the largest power in the models with λpeak > 0.1 pc. The results shown in Figure 5
and Figure 6 indicate that the power spectrum described by Equation (3.5) reproduces
the observed trend of the angular momentum of cores. Figure 7 shows how the index
depends on the two parameters kpeak and σG. Since the j −M relations derived from
the log-normal model are not straight lines, we apply the least square fitting method to
the derived j −M curves in the mass range, 1 − 10 M to derive the power law index
of each model curve. While the comparison with observations suggests that the index
is approximately 0.5− 0.9, future observations are needed to better constrain this index
value. Once the j −M relation for the angular momentum distribution is accurately
determined by observations, we would be able to give, using our model, a more accurate
description of the velocity fluctuations along the parent filament.
3.2.2. Log-normal Power Spectrum Model for Compressible Velocity Field
We also calculate the angular momentum in the case of compressible velocity field
using Equation (2.12) for σ3D = cs. Figure 8 shows the j −M relation for a potential
velocity field using the log-normal power spectrum model described by Equation (3.5),
for σG = 0.5 and λpeak = 0.1 pc. As shown in Figure 8, the compressible velocity field
hardly contributes to the angular momentum of cores. This result suggests that the
solenoidal component of the velocity field in filaments mainly accounts for the origin of
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Figure 6. (left) Same as Figure 5 for fixed σG = 0.5 and varying λpeak. (right) j−M
relation derived from the log-normal power spectrum model with fixed value σG = 0.5.
The green, red, blue, and magenta solid lines correspond to λpeak = 1.0, 0.5, 0.1, and
0.05 pc. λpeak is defined as kpeak = 2pi/λpeak. The observational data are the same as
in Figure 1.
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Figure 7. Dependence of the index of the j−M relation slope on the two parameters,
σG and kpeak. The horizontal axis is kpeak and the vertical axis is σG. The indices are
derived by applying the least square fitting method to the j −M relation in the mass
range 1− 10 M.
the angular momentum of the molecular cloud cores. Therefore, hereafter we consider
only the incompressible velocity component.
3.3. Anisotropic Power Spectrum Model
As mentioned in Section 3.2.1, with an isotropic power spectrum (Equation (3.3)),
we can reproduce the properties of the angular momentum of cores with the available
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Figure 8. j −M relation for a compressible velocity field. The red solid line is the
result obtained from the expression for the potential field shown in Equation (2.12),
and the log-normal power spectrum Equation (3.5) with σG = 0.5 and λpeak = 0.1 pc.
The observational data are the same as in Figure 1.
observed data points. However, such an increase in the power of velocity or density
fluctuations in larger wavenumber (small scales) has not been observationally reported,
possibly because of the limited spatial resolution (Roy et al., 2015). In contrast, for
the density distribution in the larger wavelength range (>0.02 pc), relatively simple
Kolmogorov-like power laws are observed along filaments and in the diffuse ISM (Roy
et al., 2015; Miville-Descheˆnes et al., 2010; Roy et al., 2019). According to the recently
proposed scenario of filamentary structure formation where filaments may be formed by
large scale compressions (e.g., Inoue & Inutsuka, 2012; Inutsuka et al., 2015; Inoue et al.,
2017; Arzoumanian et al., 2018), it is expected that the waves along the x- and y-axis
(transverse direction) have more energy than those along z-axis (longitudinal direction)
as a result of energy shift from large to small scales due to the compression. In addition,
transverse velocity gradients are reported by recent observations in several molecular
filaments (e.g., Ferna´ndez-Lo´pez et al., 2014; Dhabal et al., 2018). Hence it is interesting
to examine whether anisotropic power spectrum reproduces the observed j−M relation.
In this paper, for simplicity, we adopt the following simple Kolmogorov-like anisotropic
power spectrum
P (k)dkxdkydkz = A(Ark
2
r + k
2
z)
−11/6dkxdkydkz, (3.6)
where kr =
√
k2x + k
2
y, and Ar corresponds to the degree of anisotropy. As in Section 3.1
and 3.2, we consider only the discrete modes that are periodic in the domain. Figure
9 shows the color contour for isotropic and anisotropic power spectra. Figure 10 shows
the result from the anisotropic power spectrum with Ar = 0.01 as shown in Figure 9
(right) with more energy in the transverse direction than in the longitudinal direction.
We find that such an anisotropic power spectrum reproduces the observed properties of
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Figure 9. Color contour of power spectrum. Isotropic 3D Kolmogorov power spectrum
(left) and anisotropic model derived from Equation (3.6) with Ar = 0.01 (right).
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Figure 10. j − M relation for anisotropic power spectrum. The red dashed line
and blue solid line are isotropic 3D Kolmogorov power spectrum (same as Figure
3) and anisotropic power spectrum model derived using Equation (3.6), Ar = 0.01
respectively. The observational data are the same as in Figure 1.
angular momentum of cores.
3.4. 1D Kolmogorov Power Spectrum Model
In this subsection, we examine the 1D Kolmogorov power spectrum model. The
power spectrum is described as
P (k)dkxdkydkz = Ak
−5/3dkxdkydkz, (3.7)
where k =
√
k2x + k
2
y + k
2
z . We consider only the discrete modes that are periodic in the
domain again. We can calculate the velocity along the filament using Equation (3.2). If
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Figure 11. j −M relation for 1D Kolmogorov power spectrum. The red dashed line
and blue solid line are 3D Kolmogorov power spectrum (same as Figure 3) and 1D
Kolmogorov power spectrum model derived using Equation (3.7), respectively. The
observational data are the same as in Figure 1.
we use v following the power spectrum Equation (3.7), the slope of the power spectrum
of v1D(z) is −5/3 (cf., Section 5). The coefficient A is chosen to satisfy the constraint
σ3D = cs. Since the slope of the 1D Kolmogorov power spectrum is shallower than
that of the 3D Kolmogorov power spectrum, the power in large wavenumber region is
larger than for the 3D Kolmogorov power spectrum. Figure 11 shows the j−M relation
derived from the 1D Kolmogorov power spectrum. We find that such a 1D Kolmogorov
power spectrum also reproduces the observed properties of angular momentum of cores.
We think that the power spectrum of the filament should be determined in the
formation process of the filament and the resultant power spectrum should be related to
the 3D power spectrum in the parent molecular cloud. We discuss possible implications
from our results in the formation of filamentary molecular clouds in Section 5.
4. Comparison of the Derived Power Spectrum Models
In this section, we attempt to evaluate the appropriateness of the different models
presented above. To do so, we calculate σ2error, the dispersion of the observational data
points relative to the analytical j−M relations for the different models. The dispersion
of a model is defined as follows,
σ2error =
1
Ndata
Ndata∑
i=1
(log(j(Mi))− log(jobs,i))2, (4.1)
where i, Ndata, j(Mi), and jobs,i are each data point, the total number of data points,
the analytical solution described by Equation (2.11), and the observational points,
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Table 1. Relative appropriateness of the models. The values in Table 1 are the
dispersions σ2error of the observational points relative to the analytical solution in
j −M diagram calculated using Equation (4.1) and normalized by σ2error of the 3D
Kolmogorov model (cf., Section 4).
3D 1D Anisotropy Log-normal Compressible
Kolmogorov Kolmogorov (σG = 0.65, λpeak = 0.1)
σ3D = cs 1 0.40 0.39 0.43 1.32
σ3D = 2cs 1 0.39 0.48 0.57 0.53
respectively. Table 1 shows the accuracy of the models normalized by that of the 3D
Kolmogorov model. We give values of σ2error for the different models calculated with
a velocity dispersion σ3D equal to cs and 2cs corresponding to the observed range (cf.
Section 3.1). Table 1 shows that our conclusions are not affected by the choice of σ3D
within the observed range. Note that the evaluation of appropriateness is tentative and
future observations may give us more information to better constrain the models.
5. Discussion
In the following, we attempt to provide a link between the velocity fluctuations
along a star-forming filament and that of its surrounding molecular cloud. In particular
we suggest that the 1D Kolmogorov velocity power spectrum along the filament
described in Section 3.4 is linked to the 3D Kolmogorov velocity power spectrum of
the parent cloud.
Recent observational results show that a small fraction of the total mass of
molecular clouds (< 20%) is in the form of dense gas, for column densities & 7 × 1021
cm−2, and that a large fraction of this dense gas is in the form of critical/supercritical
filaments (∼ 80% on average, Andre´ et al., 2014; Arzoumanian et al., 2019, see also
Torii et al. 2018). This column density value has been observationally identified as
the threshold above which the star formation activity is significantly enhanced (e.g.,
Heiderman et al., 2010; Lada et al., 2010, 2012; Ko¨nyves et al., 2015). This star
formation threshold is now understood as being equivalent to the line mass of 0.1
pc-wide filaments that is of the order of the critical value (Mline,crit) for gravitational
fragmentation (e.g., Arzoumanian et al., 2013; Andre´ et al., 2014).
If we define the major axis of the filament as the z-axis (x = y = 0), we can
calculate the line mass of the filament as follows,
Mline(z) =
∫ ∫ √x2+y2<Rfil
ρ dxdy. (5.1)
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Likewise the velocity vfil along the filament is defined as follows,
vfil(z) =
1
Mline
∫ ∫ √x2+y2<Rfil
ρv dxdy. (5.2)
The 1D Fourier component of the velocity field along the filament z-axis is
v˜(kz) =
1
Lz
∫ Lz/2
−Lz/2
vfil(z) exp(−ikzz)dz
∼ 1
Lz
∫ Lz/2
−Lz/2
v(0, 0, z) exp(−ikzz)dz, (5.3)
where, Lz is the length of the z direction of the molecular cloud and v˜ is the 1D Fourier
component of the velocity field. In the second step of Equation (5.3), we take the limit
Rfil → 0, because the mass of a critical/supercritical filament (i.e., the mass of dense
gas) is much smaller than the total mass of the parental molecular cloud as suggested by
observations (see above). The limit of vfil(z) as Rfil approaches to 0 is v(0, 0, z). Note
that while the velocity field is integrated with x and y in Equation (3.2), in Equation
(5.3) the velocity field is not integrated because of the approximation vfil(z) ∼ v(0, 0, z).
The 1D power spectrum Pv˜ of v˜ is defined as
Pv˜(kz) =
〈|v˜(kz)|2〉 . (5.4)
Using Equation (2.1), Equation (5.3), and Equation (5.4), the 1D velocity power
spectrum can be rewritten as
Pv˜(kz) =
∑
k′x
∑
k′y
P (k′x, k
′
y, kz). (5.5)
The derivation of Equation (5.5) is given in Appendix B. The left hand side of Equation
(5.5) is the 1D power spectrum Pv˜(kz) of the velocity along the filament, which is equal
to the integration of the 3D Kolmogorov-like power spectrum P (k′x, k
′
y, kz) with respect
to k′x and k
′
y. This integration can be done as follows,
Pv˜(kz) =
∑
k′x
∑
k′y
P (k′x, k
′
y, kz)
∼ LxLy
(2pi)2
A
∫ kmax
0
∫ kmax
0
(k′2x + k
′2
y + k
2
z)
−11/6 dk′xdk
′
y
∼ LxLy
(2pi)2
A
∫ ∞
0
∫ ∞
0
(k′2x + k
′2
y + k
2
z)
−11/6 dk′xdk
′
y
=
LxLy
(2pi)2
A
∫ ∞
0
(k′2r + k
2
z)
−11/6 pi
2
k′rdk
′
r
∝ k−5/3z , (5.6)
where Lx and Ly are the length of x and y directions of the molecular cloud. kmax
is the maximum wavenumber, which might correspond to an energy dissipation scale.
The approximation that the summation can be replaced by an integral up to +∞ is
valid only for kz < kmax. Here we assume that the largest wavenumber is the same
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along all the three (x, y, and z) directions, i.e., isotropic at small scales. Therefore,
we can use the approximation that the summation can be replaced by an integral up
to +∞. This result shows that the 1D approximation in Equation (5.3) leads to the
1D Kolmogorov power spectrum along the filament. While the width of the filament
considered in Section 3.1 is also small (0.1 pc) compared to the size of the cloud (∼ 10
pc), the resulting slope of the power spectrum of v1D(z) is −11/3, very different from
the slope −5/3 found here. This is mainly due to the periodic boundary condition for
the functional dependence of the modes in the x- and y-directions in Section 3.1: i.e.,
the modes in the x- and y-directions cancels in Equation (3.2), these modes are not
contributing to the power spectrum of v1D(kz), unlike in Equation (5.5). In this section,
since we consider the velocity field that is extended in the parent cloud outside the
filament, here the modes are not anymore periodic within the filament.
We can thus link the observed 3D power spectrum of the parent cloud to the
1D velocity power spectrum along the filament. A filament with Mline ∼ Mline,crit and
velocity fluctuations along its crest characterized by the 1D Kolmogorov power spectrum
with a slope of −5/3 would fragment into a series of cores presenting the observed
distribution of angular momentum as shown in Section 3.4.
In addition to providing an origin to the observed angular momentum of cores, we
also emphasize that these velocity fluctuations along star-forming filaments with a power
spectrum of P (k) ∝ k−5/3 may also be key in understanding the origin of the shape of
the core mass function (cf., Inutsuka, 2001; Roy et al., 2015; Lee et al., 2017). Note also
that the 1D approximation of star-forming filaments might be justified by the observed
small mass fraction of the dense gas in the form of critical/supercritical filaments with
respect to the total mass of the cloud. We suggest that this small mass fraction of dense
gas may also provide a hint to the origin of the observed low star formation efficiency
in molecular clouds.
6. Summary
In this paper we provide a causal link between properties of filaments and cores. We
suggest that the observed angular momentum distribution of cores as a function of core
mass can be understood by the fragmentation of filaments having velocity fluctuations
close to the sonic speed and anisotropic, log-normal, and 1D Kolmogorov power spectra.
We demonstrate that the 3D Kolmogorov velocity and density power spectra observed
at the scale of the cloud implies a 1D Kolmogorov velocity spectrum along a filament
when the mass of this latter is a small fraction of the total mass in the cloud, consistent
with recent observational results (Andre´ et al., 2014; Arzoumanian et al., 2019; Torii
et al., 2018). The results presented in this paper reinforces the key role of filament
fragmentation in our understanding of the star formation process and the observed
properties of cores. Future systematic observations tracing the velocity structure of cores
are needed to derive the kinematic properties of cores to better constrain our models
and examine the relation between the properties of filaments and cores, to understand
An Origin for the Angular Momentum of Molecular Cloud Cores 18
the origin of the angular momentum of molecular cloud cores, multiple systems, and
protoplanetary disks.
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Appendix A. Derivation of R(k;Lcore)
In this appendix, we show the detailed derivation of the Fourier component of the
position R(k;Lcore) of Equation (2.10). Using the Bessel Functions of the first kind J
(1)
B ,
J
(2)
B and the spherical Bessel functions j
(0)
B , j
(1)
B , the x-component of R(k;Lcore) is
Rx(k;Lcore) = −Rfilkx
kr
j
(0)
B (X)
J
(2)
B (Y )
Y
, (A.1)
the y-component of R(k;Lcore) is
Ry(k;Lcore) = −Rfilky
kr
j
(0)
B (X)
J
(2)
B (Y )
Y
, (A.2)
the z-component of R(k;Lcore) is
Rz(k;Lcore) = −Lcore
2
j
(1)
B (X)
J
(1)
B (Y )
Y
, (A.3)
where X ≡ kzLcore/2, Y ≡ krRfil, and kr =
√
k2x + k
2
y. The kx, ky, and kz are the
wavenumber of x, y, and z directions, respectively. To derive these expressions, we have
used the following equations (Abramowitz & Stegun, 1965):
d
dx
[x−νJ (ν)B (x)] = −x−νJ (ν+1)B (x), (A.4)
d
dx
[x−νj(ν)B (x)] = −x−νj(ν+1)B (x), (A.5)
j
(0)
B (X) =
1
Lcore
∫ Lcore/2
−Lcore/2
dz exp(ikzz), (A.6)
J
(0)
B (Y ) =
1
2pi
∫ pi
−pi
dφ exp(ikrr cosφ), (A.7)
J
(1)
B (Y ) =
kr
Rfil
∫ Rfil
0
J
(0)
B (krr)rdr, (A.8)
where ν denotes the index of Bessel Function. In this paper we consider only integer
values of ν.
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Appendix B. Derivation of Equation (5.4)
In the following we detail the derivation of Equation (5.5). Using Equation (2.1),
Equation (5.3) can be written as,
v˜(kz) =
1
Lz
∫ Lz/2
−Lz/2
∑
k′x
∑
k′y
∑
k′z
V (k′) exp(ik′ · x) exp(−ikzz)dz
=
1
Lz
∑
k′x
∑
k′y
∑
k′z
V (k′) exp(ik′xx+ ik
′
yy)
×
∫ Lz/2
−Lz/2
exp(ik′zz − ikzz)dz, (B.1)
where v˜(kz) is the 1D Fourier component of the velocity field and V is the 3D Fourier
component of the velocity field. Here, x and y are the cloud coordinates in the x-
y plane perpendicular to the filament axis. Since we take the limit Rfil → 0, we do
not take the integration in the x-y plane in this appendix (cf., Equation (5.2)). Since∫ Lz/2
−Lz/2 exp(ik
′
zz− ikzz)dz = Lzδkz ,k′z , where δkz ,k′z is the Kronecker delta, Equation (B.1)
can be rewritten as
v˜(kz) =
∑
k′x
∑
k′y
∑
k′z
V (k′) exp(ik′xx+ ik
′
yy)δkz ,k′z . (B.2)
Finally, v˜ can be written as,
v˜(kz) =
∑
k′x
∑
k′y
V (k′x, k
′
y, kz) exp(ik
′
xx+ ik
′
yy). (B.3)
Using Equation (2.3) and Equation (B.3), we can derive Equation (5.5).
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